We apply the continuous variable approach to study entangled dynamics of coupled harmonic oscillators interacting with a thermal reservoir and to a deterministic creation of entanglement in an atomic ensemble located inside a high-Q ring cavity. In the case of harmonic oscillators, we show that a suitable unitary transformation of the position and momentum operators transforms the system to a set of independent harmonic oscillators with only one of them coupled to the reservoir. Working in the Wigner representation of the density operator, we find that the covariance matrix has a block diagonal form of smaller size matrices. This simple property allows to treat the problem to some extend analytically. We analyze the time evolution of an initial entanglement and find that the entanglement can persists for long times due to presence of constants of motion for the covariance matrix elements. In the case of an atomic ensemble located inside the cavity, the attention is focused on creation of one and two-mode continuous variable entangled states from the vacuum by applying laser pulses of a suitably adjusted amplitudes and phases. The pulses together with the cavity dissipation prepare the collective modes of the atomic ensemble in a desired entangled state.
Introduction
Quantum information with continuous variables (CV) has attracted a great interest due to the simplicity in the generation, manipulation and detection of continuous variable states. Controlled dynamics and preservation of an initial entanglement encoded into CV states are challenging problems in quantum information technologies [1] and have led to the development of different techniques for generation, manipulation and detection of CV multipartite 2 Li-hui Sun et al. entangled state [2] . It has been shown that CV entangled states have many applications in quantum information processing such as quantum teleportation [3] , dense coding [4] , entanglement swapping [5] , and quantum telecloning [6] .
The continuous variables approach is mostly applied to creation and manipulation of entangled states produced with squeezed light and linear optics. A wide theoretical attention has been devoted to the application of the CV approach to the decoherence phenomena, in particular to the dissipative dynamics of open quantum systems, such as two coupled harmonic oscillators interacting with a dissipative reservoir. It has been analyzed with different approaches including the rotating-wave (RWA) and the Born-Markov approximations that assume a weak coupling between a system and the reservoir. A series of papers accounts these analysis for the case of two coupled harmonic oscillators interacting with a Markovian thermal reservoir and the work of Liu and Goan [7] , Hu et al. [8] , Maniscalco et al. [9] and Hörhammer and Büttner [10] accounts for a non-Markovian thermal bosonic reservoirs. Detailed discussions and extensive reference lists devoted to the decoherence of two harmonic oscillators can be found in Refs. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In all these studies a general conclusion made is that entanglement dynamics depends on the form of the reservoir and the non-Markovian nature of the reservoir preserves entanglement over a longer time. In this connection, we should mention work devoted to the variation of the entanglement sudden death phenomenon with the time scale of the evolution [25] [26] [27] [28] [29] [30] .
Recently, a good deal of attention has been given to the problem of application of the CV approach to creation and manipulation of entanglement in atomic systems [31] [32] [33] [34] . This is because a large collection of atoms can be efficiently coupled to quantum light and the existence of long atomic ground-state coherence lifetimes has been realized [35] . Particularly interesting are the studies of the dynamics of collective atomic spin states of driven two-level atoms and coupled to a cavity field [36] . It has been shown that the unconditional preparation of a two-mode squeezed state of effective bosonic modes can be realized in a pair of atomic ensembles interacting collectively with a two-mode optical cavity and laser fields [37] . Another studies considered the deterministic creation of cluster states between atomic ensembles [38] .
In this paper, we illustrate applications of the CV approach to creation and processing of entanglement in two widely used systems: two coupled harmonic oscillators interacting with a non-Markovian thermal reservoir, and an ensemble of cold atoms located inside a a high-Q ring cavity. In the first case of the coupled harmonic oscillators, we introduce an unitary transformation of the position and momentum operators and find that in the transformed basis the system is represented by a set of independent harmonic oscillators with only one of them coupled to the environment. This fact makes the problem remarkably simple that the relaxation properties of coupled harmonic oscillators follow the same pattern as a single harmonic oscillator. We work within the correlation matrix representation, also known as the covariance matrix, and find that the transformation of the position and Continuous variables approach to entanglement 3 momentum operators results in decoupled subsets of three and four equations of motion for the covariance matrix elements. This is particularly attractive for numerical analysis that it shorten the computations to the diagonalization or direct integration of small-size matrices. We then consider the time evolution of an initial entanglement encoded into the system of two coupled harmonic oscillators using the Gaussian continuous variable entangled states.
In the second case, we consider a practical scheme for creation of entangled states in an ensemble of cold atoms located inside a a high-Q ring cavity. The scheme does not involve any external sources of squeezed light and networks of beam splitters used in the linear optics schemes [39] . It involves an atomic ensemble driven by laser pulses and CV entangled states are created by specifically chosen Rabi frequencies and phases of the pulses. The atoms interact with the laser pulses and the cavity field in a highly nonresonant dispersive manner that involves ground states, not the excited states of the atoms. Therefore, the process of creation of entangled states is not affected by the atomic spontaneous emission.
Entangled dynamics of coupled harmonic oscillators
We first consider entangled dynamics of a system composed of two mutually coupled identical harmonic oscillators of mass M and frequency Ω that are simultaneously interacting with a thermal reservoir. The dynamics are determined in terms of Gaussian continuous variable entangled states, which are examples of multi-mode continuous variable entanglement states. We introduce a two-mode unitary transformation of the position and momentum operators and show that in the case of a non-Markovian reservoir, the formalism allows us to obtain, to some extend, an analytical solution for the dynamics of the system, and the exact analytical solutions under the Markov approximation. Thus, they are much more suited to give a united picture of this complex system.
Hamiltonian of the system
The system is determined by the Hamiltonian, which in terms of the position q i and momentum p i operators can be written as
where
is the free Hamiltonian of the harmonic oscillators
is the Hamiltonian of the reservoir, modeled as a set of independent oscillators of mass m n and frequency ω n to which the systems' oscillators are coupled,
represents the interaction between the oscillators with the coupling strength λ, and
represents a bilinear interaction between the oscillators and the reservoir with the strength λ n . The Hamiltonian (2.1) is written in terms of (q i , p i ) operators, usually called as the bare basis. However, this is not a very convenient basis and, as we shall see, the dynamics of the systems' harmonic oscillators is most transparently discussed in terms of transformed position and momentum operators that are obtained by an N -mode unitary transformation of the position operators [24, 40] 6) and the same transformation of the momentum operators
The transformed operators satisfy the well known position-momentum commutation relation, [q i ,p j ] = i δ ij . We note that the transformations from q i and p i toq i andp i involve anti-symmetrical (q 1 ,p 1 ) and symmetrical (q 2 ,p 2 ) combinations of the position and the momentum operators, a close analog of the symmetric and antisymmetric multi-atom Dicke states [41, 42] . In terms of the transformed operators, or equivalently in the transformed basis (q i ,p i ), the Hamiltonian of the coupled oscillators H s + V s takes the form
where 9) and the interaction between the oscillators and the environment becomes
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One can see from Eqs. (2.8) and (2.10) that in terms of the transformed operators, the system is represented by two independent oscillators with only one being coupled to the environment. The oscillator effectively coupled to the environment is that one corresponding to the symmetric combination of the position and momentum operators. In addition, the effective frequency Ω 2 of the oscillator coupled to the environment differs from Ω 1 , the decoupled oscillator. The oscillator effectively decoupled from the environment may be regarded as a decoherence-free oscillator. It should be stressed that the evolution of the oscillator is not free of the decoherence. We shall demonstrate that the oscillator still can evolve in time that may lead to decoherence.
The master equation
Let us now consider the evolution of the density operator of the system. We derive the master equation for the density operator and in the derivation we follow the standard method involving the Born approximation that corresponds to the second-order perturbative approach to the interaction between the oscillators and the environment, but we do not make the rotating-wave (RWA) and Markovian approximations. In the derivation, we assume that the system and the environment are uncorrelated at t = 0, so that is the density operator of the total system factorizes ρ T (0) = ρ(0) ⊗ ρ r (0), where ρ(0) is the density operator of the harmonic oscillators, that we shall call the "system" oscillators, and ρ r (0) is density operator of the reservoir. Further, we consider the reservoir is in a thermal state of temperature T with the Boltzmann distribution of photons characterized by the mean occupation numberN
With these assumptions and after tracing over the reservoir modes, we arrive to the equation of motion for the reduced density matrix of the system of the form [7, 8] 
(2.12) whereΩ 2 2 (t) represents a shift of the frequency of the oscillator due to the interaction with the environment, γ 2 (t) is the dissipation coefficient, and D 2 (t) and f 2 (t) are diffusion coefficients. The parameters depend on the spectral density J(ω) of the reservoir modes. They also depend on time, which results from the non-Markovian nature of the coupling of the oscillators to the reservoir. The explicit forms of the parameters are given in Refs. [7, 8] . As one could expect, the reservoir affects the evolution of only the oscillator 2 leaving the oscillator 1 to evolve freely in time.
Covariance matrix of two harmonic oscillators
In order to analyze the entangled dynamics of the oscillators, we solve the master equation (2.12). We apply the Wigner representation for the density operator. This requires a characteristic function, which can be written in terms of a covariance matrix, whose the elements are defined as
Using the definition (2.13) and the master equation (2.12) one can find the equations of motion for the covariance matrix elements that then can be solved for arbitrary initial conditions. The system of two harmonic oscillators is determined by a set of coupled linear differential equations for ten covariance matrix elements. In Refs. [7, 8] , the set of differential equations was solved using numerical methods. In what follows, we illustrate the advantage of working in the basis of the transformed position and momentum operators which will allow us to determine the covariance matrix elements in an effectively easy way requiring to solve separate sets of equations composed of three and four coupled differential equations. The set of inhomogeneous differential equations for the covariance matrix elements can be written in a matrix form as˙
where we put the covariance matrix elements in a specific order in the column vector
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This specific order of the elements V ij leads to a block diagonal form of the matrix of the coefficients A(t) with two blocks each involving three equations and one block involving four equations. The column vector of the inhomogeneous terms is of the form
The remaining elements are found from the symmetry property of the covariance matrix,
From the set of three coupled equations of motion for the elements V 11 , V 12 , V 22 , one can find that there is a liner combination
which equation of motion isV + 11 = 0 and the remaining elements form a set of two coupled equationsV
where (t) does not change in time and retains its initial value for all times. Physically, if initially the system was prepared in a state such that V + 11 (0) = 0 and with the other elements of the covariance matrix equal to zero, it would remain in that state for all times. For example, if the initial state is an entangled state, the initial entanglement of the system will remain constant in time. Therefore, the subspace composed of the V + 11 (t) element can be regarded as a decoherence-free subspace. The remaining matrix elements V − 11 and V 12 can undergo a temporal evolution. Since there is no damping involved in the equations of motion (2.18), the solution would lead to the matrix elements continuously oscillating in time. It is easy to see, the solution of Eq. (2.18) has a simple form
from which we see the matrix elements continuously oscillate in time with frequency 2Ω F . This indicates that the system will never reach a stationary time-independent state unless V − 11 (0) = V 12 (0) = 0. As we shall see, this feature will result in a continuous in time entanglement in the system.
Initial two-mode squeezed state
We have already seen that due to the presence of the constants of motion in the evolution of the covariance matrix elements, the dynamics of the system, even after a long time, may strongly depend on the initial state. Since we are interested in the evolution of an initial two-mode entangled state and it is well known that two-mode squeezed states are examples of entangled states, we consider an initial squeezed vacuum state. We also demonstrate that with the specific initial state, the problem of treating the dynamics of two harmonic oscillators simplifies to analysis of the properties of only those constants of motion and the matrices which involve only the diagonal elements of the covariance matrix. As an initial state, we consider the following two-mode continuous variable squeezed state 20) where r is the squeezing parameter and the kets |0 b1 and |0 b2 represent the state with zero photons in the modes 1 and 2, respectively. With the initial state (2.20), we easily find that non-zero initial covariance matrix elements are
Note that the elements V (0) is enhanced and the other part squeezed by the correlations. This is a crucial difference that will have a significant effect on the evolution of an entanglement injected into the system.
Time evolution of an initial entanglement
We now perform numerical analysis of time evolution of entanglement between two harmonic oscillators simultaneously coupled to a reservoir. We will illustrate the advantage of working in the transformed basis to obtain a simple interpretation of the results. In particular, to understand short time non-Markovian dynamics of entanglement and to provide conditions for optimal and stable long time entanglement. We adopt the negative partial transpose criterion that is known as the necessary and sufficient condition for entanglement of a two-mode Gaussian state [45, 46] . We will use this criterion to quantify the amount of entanglement in the system, and will denote it by a parameter η − . In all examples considered here, we assume that the oscillators interact with a reservoir of temperature T = 10 Ω/k B and were initially in the two-mode squeezed state |ψ 0 . Moreover, we assume a Gaussian-type spectral density for the reservoir modes
where M is the mass of system, Λ is cut-off frequency that represents the highest frequency in the reservoir, γ 0 is proportional to the coupling strength between the oscillators and the environment and n determines the type of the reservoir. We choose n = 1, the so-called Ohmic reservoir.
We first consider the case of mutually independent oscillators with λ = 0, but coupled to a thermal reservoir. The interaction with the reservoir is usually recognized as an irreversible loss of entanglement and information encoded in the internal states of the system and thus is regarded as the main obstacle in practical implementation of entanglement. Figure 2.2 shows the negativity as a function of time for the initial two-mode squeezed state with different degree of squeezing r. First of all, we note that there is a threshold value for the degree of squeezing r at which a continuous in time entanglement occurs [19] . The threshold that corresponds to entanglement undergoing the phenomenon of sudden death, occurs at r = 1.498.
The presence of the threshold value for r at which continuous in time entanglement occurs has a simple interpretation in terms of the covariant matrix elements. Consider the threshold in the long time limit in which we may consider the evolution under the Markov approximation, but retaining the non-RWA terms. Under this approximation, we can put γ 2 (t) → γ 0 which then allows us to obtain a simple analytical solution for the threshold condition for entanglement. It is easy to show that the threshold for two mode entanglement occurs at 23) so that the two modes are entangled when V 11 (t)V 44 (t) < 1, otherwise are separable. Note that the covariance matrix element V 11 (t) is associated with the relaxation free modes whereas the element V 44 (t) is associated with the mode that is coupled to the reservoir and thus undergoes the damping process. Under the Markov approximation, we find from Eq. (2.14) that in the long time limit of t ≫ γ −1 2 , the element V 44 (t) reaches the stationary value equal to the level of the thermal fluctuations
whereas V 11 (t) retains its time dependent behavior which depends on the initial values
We point out that the dependence on the initial values of the long time behavior of V 11 (t) is due to the presence of the constant of motion V With the parameter value T = 10 Ω/k B , we find that the threshold value for r equals to 1.498 that is the same found numerically and plot in Fig. 2.2 . We should point out here that the same condition for the threshold value of r has been found under the RWA approximation [19] . Thus, we may conclude that the threshold value for continuous entanglement is not sensitive to the RWA approximation. The preservation of an initial entanglement over a long time is usually related to the non-Markovian nature of the reservoir. We stress that the continuous in time oscillations are related to the Markovian rather than to the non-Markovian nature of the reservoir as the matrix elements V 11 (t) and V 22 (t) determine dynamics of the oscillator that is not coupled to the reservoir. To show this more qualitatively, we plot in Fig. 2.3 the time evolution of an initial entanglement for different Λ, corresponding to the bandwith of the reservoir. It is evident from the figure that the amplitude of the oscillations increases with increasing Λ indicating that the oscillations are associated with broadband rather than narrow-band nature of the reservoir.
It is also interesting to discuss the dependence of the long time entanglement on the relaxation rate γ 0 . An example of this feature is shown in Fig. 2.4 . It is interesting to note that under the relaxation the entanglement oscillates in time and the amplitude of the oscillations increases with increasing γ 0 leading to a better entanglement when the oscillators are strongly damped. It is a surprising result as one could expect that entanglement should decrease with increasing γ 0 . Again, a straightforward interpretation of this effect can be gained from a qualitative inspection of the properties of the transformed covariance matrix. It is easily verified that in the limit of vanishing damping, γ 2 (t) → 0 and λ = 0, the equations of motion of the matrix elements V 33 , V 34 , V 44 reduce to that of the matrix elements V 11 , V 12 , V 22 . One could argue that in this limit the covariance matrix elements V 33 , V 34 , V 44 coincidence with the elements V 11 , V 12 , V 22 . Of course, their time evolution is determined by the same equations, but there is a subtle difference in their initial values. For example, the initial values of the linear combinations V ± 11 are
whereas (0) appears as an anti-squeezed component. This is a crucial difference that has a significant effect on the evolution of an entanglement. These two contributions cancel each other that results in no oscillations in the entanglement evolution when γ 0 ≪ 1. On the other hand, for large γ 0 the covariance matrix elements V 33 , V 34 , V 44 are rapidly damped to their stationary values leaving the elements V 11 , V 12 , V 22 continuously oscillating in time. These oscillations lead to continuous oscillations of the entanglement seen in Fig. 2.4 .
The same arguments apply for the presence of the oscillations in the limit of a large Λ, seen in Fig. 2.3 . Using similar arguments, one can finds that for large Λ, the covariance matrix elements V 33 , V 34 , V 44 are rapidly damped to their stationary values leaving the elements V 11 , V 12 , V 22 continuously oscillating in time. for a large squeezing, entanglement re-appears in some discrete periods of time, exhibiting periodic sudden death and revival of entanglement. In other words, the threshold behavior of entanglement is a periodic function of time.
As before, this feature has a simple interpretation in terms of the covariance matrix elements. According to Eq. (2.23), for a given temperature the threshold value for entanglement depends on the covariance matrix element V 11 (t) which, on the other hand, depends on λ through the frequency parameter Ω F . We see from Eq. (2.9) that the frequency Ω F decreases with increasing λ. Thus, according to Eq. (2.25) for interacting oscillators the matrix element V 11 (t) oscillates slowly in time. In this case, the averaging over the oscillations is not justified and thus the threshold condition for entanglement is the oscillating function of time even in a long time regime.
Creation of CV entangled states in an atomic ensemble
In this section, we consider a completely different system that addresses the issue of the creation of CV entangled states in an atomic system. The system we consider is composed of an atomic ensemble located inside a high-Q ring cavity with two mutually counterpropagating modes, as illustrated in Fig. 3.6 . In this two-mode configuration, the photon κ " !" # " $" # φ $ φ ! Figure 3 .6: A schematic diagram of a two-mode ring cavity containing an ensemble of cold atoms trapped along the cavity axis. The cavity modes are damped with the same rate κ. The driving laser fields of the Rabi frequencies Ωu, Ωs and phases φu, φs are injected through the cavity mirrors and co-propagate with one of the cavity modes.
redistribution can occur between the counter-propagating modes which, as we shall see, may result in multi-mode squeezing. The procedure is associated with the collective dynamics of the atomic ensembles subjected to driving lasers of a suitably adjusted amplitudes and phases. Recently, Parkins et al. [37] have proposed a scheme for preparing single and two-mode squeezed states in atomic ensembles located inside a single mode high-Q ring cavity. The scheme is based on a suitable driving of the atomic ensembles with two external laser fields that prepares the atoms in a pure squeezed (entangled) state. Similar schemes have been proposed to realize an effective Dicke model operating in the phase transition regime [47] , to create a stationary subradiant state in an ultracold atomic gas [48] . This approach has recently been proposed as a practical scheme to prepare trapped and cooled ions in pure entangled vibrational states [49] and to prepare four ensembles of hot atoms in pure entangled cluster states [38] . The scheme proposed by Parkins et al. [37] assumes that atomic ensembles are effectively coupled to a single or two modes co-propagating with the driving fields. In fact, a practical ring cavity is composed of two degenerate mutually counterpropagating modes that can simultaneously couple to the atomic ensembles with the same coupling strengths [50] [51] [52] . Here, we explore the role of the counter propagating mode in the creation of one and two-mode entangled states in a single atomic ensemble.
Hamiltonian of the system
We consider a system composed of a single atomic ensemble located along the axis of a high-Q ring cavity, as illustrated in Fig. 3.6 . The cavity is composed of three mirrors that create two mutually counter-propagating modes, called clockwise and anti-clockwise modes, to which the atoms are equally coupled. The cavity modes are degenerate in frequency, i.e. ω + = ω − = ω c and are damped with the same rate κ. The atomic ensemble contains a large number of identical four-level atoms, each composed of two ground states, |0 j , |1 j , and two excited states |u j , |s j , where the subscript j labels atoms in the ensemble. The ground state |0 j of energy E 0 = 0 is coupled to the excited state |s j by a laser field of the Rabi frequency Ω s and frequency ω Ls that is detuned from the atomic transition frequency by ∆ s = (ω s − ω Ls ), where ω s = E s / and E s is the energy of the state |s j . Similarly, the ground state |1 j of energy E 1 = ω 1 is coupled to the excited state |u j of energy E u = ω u by an another laser field with the Rabi frequency Ω u , and the angular frequency ω Lu that is detuned from the atomic transition |1 j → |u j by ∆ u = (ω u − ω 1 − ω Lu ). The frequencies ω Lu and ω Ls of the laser fields are matched close to the cavity frequency, so that the wave numbers of the laser fields k u and k s are approximated by k u ≈ k s ≈ k.
The Hamiltonian of the system, in the rotating-wave approximation and in the interaction picture, can be written as
is the free Hamiltonian of the atoms and the cavity modes,
is the interaction Hamiltonian between the atoms and the driving laser fields, and
s e ikxj |s j 1 j |a + + g
s e −ikxj |s j 1 j |a − + H.c.
is the interaction Hamiltonian between the atoms and the cavity modes. The notation used here should be interpreted as follows. The operators a ± and a † ± are the annihilation and creation operators of the two counter-propagating modes of the cavity; clockwise and anticlockwise propagating modes, and k is their wave number. The parameters g (±) u and g (±) s are the coupling constants of the atomic transitions to the cavity modes, Ω u and Ω s are Rabi frequencies of the driving laser fields, and φ u , φ s are their phases. We have set the energy of the ground state |0 j equal to zero and have denoted the energies of the excited atomic levels by ω i (i = 1, u, s).
We now introduce detunings of the laser fields from the atomic transition frequencies 5) and assume that the laser frequencies satisfy the resonance condition ω Ls − ω Lu = 2ω 1 . Next, we make few standard approximations on the Hamiltonian to eliminate the excited states to neglect atomic spontaneous emission and to obtain an effective two-level Ramancoupled Hamiltonian. In order to eliminate spontaneous scattering of photons to modes other than the privileged cavity mode, we assume that the detunings are much larger than the Rabi frequencies, cavity coupling constants and the atomic spontaneous emission rates, i.e.
where γ s and γ u are the total spontaneous emission rates from the states |s j and |u j , respectively. The assumption about large detunings allows us to perform the standard adiabatic elimination of the atomic excited states, |s j , |u j , and obtain an effective two-level Hamiltonian involving only the ground states of the atoms
where we have assumed that the coupling constants g u ≡ g (±) u and g s ≡ g (±) s are the same for both modes, δ c = ω c − (ω Ls − ω 1 ) is the detuning of the cavity frequency from the Raman coupling resonance,
are position dependent collective atomic operators, and
are the coupling strengths of the effective two-level system to the cavity modes. The first line in Eq. (3.7) represents the free energy of the atomic ensemble and the intensity dependent (Stark) shift of the atomic energy levels. The second line represent the interaction between the cavity field and the atomic ensemble. The three collective atomic operators, J 0k , J 2k and J −2k , which appear in Eq. (3.7), arise naturally for the position dependent atomic transition operators and appear in a cavity with two mutually counterpropagating modes. In the case of a single-mode cavity, the Hamiltonian involves only the J 0k operator [37, 47, 48] .
To avoid unessential complexity due to the presence of the free energy and the Stark shift terms in the Hamiltonian (3.7), we will work with a simplified version of the Hamiltonian by choosing the frequencies of the driving and the cavity fields such that
With this choice of the parameters, the Hamiltonian (3.7) reduces to
The parameters of the Hamiltonian are a function of the detunings and Rabi frequencies of the two highly detuned laser fields co-propagating with the clockwise cavity mode and thus could be controlled through the laser frequencies and intensities. Finally, we reformulate the Hamiltonian (3.11) in terms of bosonic variables by adopting the Holstein-Primakoff representation of angular momentum operators [53] . In this representation, the collective atomic operators, J † mk , J mk and J z are expressed in terms of annihilation and creation operators C mk and C † mk of a single bosonic mode
(3.12)
Provided the atoms in each ensemble are initially prepared in their ground states |0 j , and taking into account that due to large detunings of the driving fields, the excitation probability of each atom is low during the laser-atom-cavity coupling, i.e., the number of atoms transferred to the states |1 j is expected to be much smaller than the total number of atoms in each ensemble, i.e., C † mk C mk ≪ N . By expanding the square root in Eq. (3.12) and neglecting terms of the order of O(1/N ), the collective atomic operators can be approximated as
where 14) are collective bosonic operators with the operators b j and b † j obeying the standard bosonic commutation relation
It is easy to prove that in the limit of N ≫ 1,we obtain the standard bosonic commutation relation
Thus, in terms of the collective bosonic operators C 0k and C ±2k , the effective Hamiltonian (3.11) takes the form
The important property of the bosonic representation is the fact that the Hamiltonian of an ensemble of atoms trapped inside a ring cavity can be expressed as the interaction between the cavity modes and three orthogonal field modes. Since our objective is to prepare the atomic ensemble in a desired entangled state in the presence of a possible loss of photons due to the damping of the cavity mode, we shall work with the density operator ρ of the system whose the evolution is governed by the master equationρ
is the Liuivilian operator representing the damping of the cavity field modes with the rate κ.
In what follows, we show that by a proper choosing of the Rabi frequencies Ω u , Ω s of the laser fields and their phases, φ u , φ s one may prepare the system in a desired state that then decays with the rate κ to a steady-state form.
One and two-mode entangled states
Let us now illustrate in details how to construct entangled states in a single ensemble of cold atoms located inside a two-mode ring cavity. We focus on the creation of single and two-mode entangled states and attempt to characterize the entanglement in terms of unitary operators known as squeezed operators. The operators for single and two-mode squeezed states are defined as [54, 55] 19) where ξ 0 and ξ 1 are complex one and two-mode squeezing parameters, respectively. Entangled (squeezed) states in a single ensemble are constructed from the vacuum by a unitary transformation associated with the realistic dynamical process determined by the master equation (3.16) . The creation of entangled states is done in two steps. In the first step, we adjust the driving lasers to propagate in the clockwise direction, along the cavity mode (+). In this case, the dynamics of the system are determined by the Hamiltonian (3.16). We then send series of laser pulses of phases φ u = φ s = 0 and arbitrary Rabi frequencies Ω u and Ω s , but such that |β u | > |β s |. With this choice of the parameters of the driving lasers and under the unitary squeezing transformation
with
the master equation (3.17) becomes
It is seen that under the squeezing transformation, the Hamiltonian represents a simple system of two independent linear mixers, where the collective bosonic modes C 0k and C 2k linearly couple to the cavity modes a + and a − , respectively. The mode C −2k is decoupled from the cavity modes and therefore does not evolve. In other words, the state of the mode C −2k cannot be determined by the evolution operator for the Hamiltonian (3.23).
The important property of the transformed system is that the master equation (3.22) is fully soluble, i.e. all eigenvectors and eigenvalues can be obtained exactly. Hence, we can monitor the evolution of the bosonic modes towards their steady-state values. Since we are interested in the steady-state of the system, we confine our attention only to the eigenvalues of Eq. (3.22), which are of the form
Evidently, both eigenvalues have negative real parts which means that the system subjected to a series of laser pulses up to a short time t will evolve (decay) to a stationary state that is a vacuum state. Thus, as a result of the interaction given by the Hamiltonian (3.23), and after a sufficiently long evolution time, the modes a ± , C 0k and C 2k will be found in the vacuum state, whereas the mode C −2k will remain in an undetermined state. The state of the mode C −2k will be determined in the next, second step of the preparation process. In order to estimate the time scale for the system to reach the steady-state, we see from Eq. (3.24) that as long as |β u | 2 − |β s | 2 > κ/2, the time scale for the system to reach the steady state is of order of ≃ 2/κ. Thus, as a result of the cavity damping the system, after a sufficient long time, will definitely be found in the stationary state.
Thus, after the first step of the preparation, we find that in the steady-state the density matrix representing the state of the transformed system is in the factorized form
is the density matrix of the four modes prepared in their vacuum states, andρ C −2k is the density matrix of the mode C −2k whose the state has not yet been determined. The ket |0 a+ , 0 a− , 0 C 0k , 0 C 2k represents the state with zero photons in each of the modes.
What left is to prepare the remaining collective mode C −2k in a desired squeezed vacuum state. This is done in what we call the second step of the preparation, in which we first adjust the driving lasers to propagate along the anti-clockwise mode (−). We then send series of pulses of frequencies, phases and amplitudes the same as in the above first step. As a result of the coupling to the cavity mode (−), the interaction is now governed by the Hamiltonian (3.18), and therefore after the unitary squeezing transformation the Hamiltonian of the system takes the form As above in the case of the coupling to the cavity mode a + , the Hamiltonian (3.27) describes a system of two independent linear mixers. Hence, the state of the system will evolve during the interaction towards its stationary value, and after a suitably long time, ≃ 2/κ, the transformed system will be found in the vacuum state. Hence, after the second step of the preparation, the transformed system is found in the pure vacuum state determined by the density matrix of the form
where |Ψ = S 0 (−ξ 0 )S ±k (−ξ 1 )|Ψ = |0 a+ , 0 a− , 0 C 0k , 0 C 2k , 0 C −2k (3.29) represents the vacuum state of the transformed system and the ket |Ψ represents the final stationary state of the system. If we now perform the inverse transformation from |Ψ to |Ψ , we find that the system is in the multi-mode pure squeezed state |Ψ = S 0 (ξ 0 )S ±k (ξ 1 )|0 C 0k , 0 C 2k , 0 C −2k ⊗ |0 a+ , 0 a− .
(3.30)
The density operator representing the multi-mode squeezed state (3.30) is ρ = S 0 (ξ 0 )S ±k (ξ 1 )|{0} {0}|S 0 (−ξ 0 )S ±k (−ξ 1 ), (3.31) where |{0} = |0 C 0k , 0 C 2k , 0 C −2k ⊗ |0 a+ , 0 a− . Equations (3.30) and (3.31) show that in the steady-state the cavity modes are left in the vacuum state and the atomic ensemble is prepared in single and two-mode squeezed states. In other words, it shows that the collective mode C 0k is prepared in the onemode squeezed vacuum state S 0 (ξ 0 )|0 C 0k , whereas the collective modes C ±2k are in the two-mode squeezed vacuum state S ±k (ξ 1 )|0 C 2k , 0 C −2k associated with the superposition of two, position dependent counter-propagating modes. The superposition nature of the squeezed states allows us to conclude that the atomic ensemble, after the interaction with the sequences of the laser pulses is prepared in single and two-mode entangled states.
Conclusions
We have considered to examples of application of the CV approach to entanglement creation and processing. In the first, we have analyzed the time evolution of an initial entanglement encoded into two coupled harmonic oscillators interacting with a thermal reservoir. We have shown that it is very convenient to analyze dynamics of the oscillators in terms of the evolution of the covariance matrix elements. By performing a suitable transformation of the position and momentum operators of the system oscillators, we have shown that the set of ten coupled differential equations for the covariance matrix elements splits into decoupled subsets of smaller sizes involving only three and four equations. A general feature of the entanglement evolution is that it exhibits two characteristic time scales, a shot time regime where an initial entanglement is rapidly damped and a long time regime where the entanglement undergoes continuous undamped oscillations. Depending on the initial amount of entanglement encoded into the system, it can be preserved for all times or may undergo the sudden death and revival phenomena. We have also found that in contrast to what one could expect, a stronger coupling of the oscillators to the thermal reservoir leads to a better stationary entanglement than in the case of a weak coupling.
In the second example of application of the CV approach, we have described a practical scheme for the creation of CV entangled states of effective bosonic modes realized in an atomic ensemble interacting collectively with two counter propagating modes of a ring cavity. The basic idea of the scheme is to transfer the ensemble field modes into suitable linear combinations that can be prepared, by a sequential application of the laser pulses, in pure squeezed vacuum (entangled) states.
